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A complete characterization is given for those graphs which are the l-skeletons of cell- 
decompositions of the projective plane. The characterization uses properties of the edge-graph 
of a centrally symmetric 3-polytope ,2nd it may serve as a tool for investigations on Hamilton- 
ian circuits in the projective plane. 
1. Introduction 
Steinitz proved the following theorem for edge-graphs of convex S-polytopes: 
A graph is (combinatorially) isomorphic to the edge-graph of a 3-polytope if and 
only if it is planar and 3-connected. 
In Griinbaum’s book “Convex Po:Jtopes” [l] elegant proves of this theorem 
and several analogues are given. 
Steinritz’s combinatorial characterization of the edge-graph of a 3-polytope was 
used as a tool for many investigations in the area of 3-polytopes. It proved 
especially useful for the study of Hamiltonian circuits and paths in the boundary- 
complex of a 3-polytope. 
In this paper we prove an analogous result for the real projective plane. We 
consider the projective plane as the underlying set of a 2-dimensional complex. 
The vertices and edges of this cornalex form a graph which we call the graph of 
the projective plane. Our theorem gives a necessary and sufficient condition for a 
graph to be isomorphic to the graph of a projective plane. The proof makes use of 
Griinbaum’s characterization of edge-graphs of centrally-symmetric 3-polytopes. 
Similar to Steinitz’s theorem, our criterion certainly can serve as a tool for 
investigations on Hamiltonian circuits in the projective plane. 
2. Definitions and main result 
Our notion of a complex differs slightly from the usual definition (compare [ 11) 
where all cells are polytopes. We 410~ cells of dimension 2 to be “bent”: 
A 2-dimensional complex % is a collection of “i-cells” in Euclidean space Ed, 
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- 1 ss i s 2, where a ( - l)-cell is the empty set, a O-cell or a l-cell is a point or a 
c:osed segment respectively and a 2-cell is a ck>sed 2-ball wlhich is the underlying 
set of a l +geometric” complex, i.e. a complex in the sense of [l] all cells of which 
a#re polytopes. The “faces” of a 2-cell C are defined in the obvious way as the 
cells of the subdividing complex which lie on the boundary of C. Furthermore, %’ 
must have the following properties: 
(i) If C is in %, then every face of C is in 9% 
(ii) The intersection of 2 cell: C and D of %: is a common face of C and D. 
(iii) % contains a 2-cell. 
The set of the cells of dimension less than 2 is called the “graph” of the 
complex, Here we are mainly interested in complexes whose underlying set is a 
projective plane or the boundary of a 3-polytope. 
As the 2-sphere is ;L 2-fold covering space of a projective plane, it makes sense 
to use properties of spherical 2-complexes to characterize the graphs of projective 
planes. It turns out that the graph of a projective plane (i.e. the graph of the 
complex whose underlying set is a projective plane) is exactly one “half” of the 
graph of a special centrally symmetric 3-polytope, i.e. the topological 2-fold 
covering corresponds to a combinatorial 2-fold cov-enng. 
We call a graph G a “covering graph” if the following holds: 
(i) G is planar and Z-connected. 
(ii) There exists an involutory mapping <p of G such that for each node u of G. 
the nodes t’ and q(t’) are separated by a circuit in ,,G. 
(iii) G does not contain a triple of nodes u, w and q(w) such that u is contained 
in 2 faces of G which contain both w and q(w). 
A graph wi!h properties (i) and (ii) is known to be isomorphic to the graph of a 
centrally symmetric 3-polytope [ I]. 
Property (iii) will allow us to obtain the graph of a projective plane by 
identifying “antipodal” nodes. 
Let G be a covering graph. Then we define a graph f(G) as follows: The set of 
nodes of f(G) is the set of pairs V = (v, q(v)) where u is a node of G. If VW and 
CF f c)e( WI are edges of G we join the nodes V and W of f(G) by an edge VW. 
The edge-graph G of an icosahedron is an example of a covering graph and 
f(G) is isomorphic to the graph of the minimal triangulation of the projective 
plane. 
We can now state our result: 
Theorem. A graph G is isomorphic to the. graph of a projective plane if and only if 
G is isomorphic to some f(G’) where G’ is a covering graph. 
Our theorem clearly reduces the combinatorial study of the projective plane to 
c:dge-graphs of centrally-symmetric poliytopes which have property (iii) of a 
covering graph. 
eorem does not give an answer to the fonowing problem: Which graphs 
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are the graphs of a geonzetric 2-complex (i.e. a 2-complex all 2-cells of which are 
2-polytopes) whose underlying set is a projective plane? 
If G is the graph of the dodecahedron, then it follows from our theorem that 
f(G) is the graph of a projective plane. 
However, it fellows from a result of Griinbaum [ 1, 11. l] that the complex of 
this projective plane possesses 2-cells which are not 2-polytopes. 
Hence, not all complexes of a projective plane are geometric complexes, in 
contrast to the behavior of spherical 2-complexes. 
Of course, all triangulations of the projective plane can be realized geometri- 
cally. 
3. Proof of the theorem 
Let G’ be a covering graph. We first prove that f(G’) = : G is isomorphic to the 
graph of a projective plane. 
From [ 1, Theorem 13.2.51 it follows that G’ can be regarded as the edge-graph 
of a centrally symmetric 3-polytope P. The set of pairs of antipodal points on ;jP 
can be mapped homeomorphically into the set of points of a projective plane E. 
From the boundary-complex B(P) Iof P we construct a new complex % whose 
graph is isomorphic to f(G’) and whose underlying set is homeomorphic to E: 
Let the set of O-cells and I -cells of % be isomorphic to f(G’). Let (c,, . H . , L’,,) 
and {q(u,). . . . , q(u,,)} be the set of vertices of two antipodal facets of f? 
Then let {V,. . . . . V,,} be the set of (),-cells of a 2-cell F of %. The boundary- 
structure of F is of course induced by the graph of Cc. 
We have to prove that ?? is in fact a 2-compl(rx. Properties (i) and (iii) of a 
complex are trivial. 
Property (ii) follows from property (iii) of a covering graph: If {V,. . . . , V,,) and 
(W,, . . . . W,,,} are the sets of (b-cells of two 2-cells .4 and B of %. then in 98(P) 
the intersection of conv(u,, . . . , a,,) and conv( w,, . . . , IV,,,) (and their antipodal 
facets respectively) is a common face, which iz; either the ::mpty set. a vertex or an 
edge. This face and its antipodal face is identiltied by :.he construction of the graph 
of % and the new face F clearly .is contained1 in the intersection of A and B. 
Property (iii) ensures that F and its faces are the or ly faces shared by A and B. 
So far we have only proved that % is UI abstract complex in the sense of 
[ 1, 11. l]. Viqe h:ave to show that % can be embedded in some Ed. If P is simplicial, 
then % is simplicial and % is of course embeddable. Otherwise, we sphit any facet 
of P which is not a triangle into triangles by adding a new vertex and joining it to 
all edges of the facet. The new graph is again a covering graph which allows the 
construction of an embedded complex %” as described above. Considering the 
images in %’ of the stars of two antipodal vertices, which were added to f? as a 
2-cell, we obtain an embedded complex which is isomorphic to % and %’ is a 
refinement of this complex. 
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Let % be the embeddi:d 2-complex whose graph is f(G’). We have to show that 
the underlying set of % Ic homeomcrphic to E: Every pair (P,, P2) of antipodal 
points in 8P is contained 1~1 the interior of a unique antipodal pair of faces of P. 
Identifying these faces we have a cell F of %. Of course, we can map (PI, P2) on 
an interior point of F and we can exfend this mapping to a homeomorphism from 
alt such pairs into ai,1 points of set I%. 
To prove the other part of the thee rem let % be a complex such that set % is a 
projective plane and let G be its graph. 
We remove a O-cell u of % iand all cells which contain it. The remaining 
complex is a Mobius-strip M whc)se boundary is the boundary of star (u, %). 
In the graph :Bf M we choocz a simple path W with vertices ul, . . . , v,, such that 
the following holds: If we slii:e M along W we obtain a closed 2-ball B whose 
boundary is a simple circuit consisting of two copies of W (W and W’ say) and 
two disjoint pah U and V. 
Denoting the nodes of W and W’ by q, . . . , v,, and vi,. . . , v; in the order of 
their appearance in W and W’ respectively, we can imagine B as described in 
The existence of W follows from the fact that a minimal path in M, which starts 
and ends in the boundary of A4 either has the property of W or it cuts out a 2-ball 
from M such that the remaining complex is again a Miibius-strip M’. In the latter 
case we may use an inductive argument to o&ain a path which bebpves like W. 
We now define an isomorphic copy B’ of B by the following mapping 
$:B*B’:#(u~):=u{, I&‘s~):=z+ and @(x) : = x’ for a node x of B which is not in 
w U W’. 
Of course, this mapping of the nodes of B induces a mapping of the 2,-skeleton 
of B. B’ can be realized in a way that its underlying set intersects B exactly in 
W U W’. Then the union of ii3 and P’ gives a strip S as described in Fig. 2, which 
can be considered as the “double” of M, and the boundary of which consists of 
two circuits which are both isomorphic ts link (v, M). The mapping II, from B to 
Rjl’ extends to an irvolutory mapping q of S as follows: q(x) : = e(x) for a node x 
cl <p(x) := #-'(x) for a node x uf EC’. 
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Fig. 2. 
Then the following holds for the 2-complex whose underlying set is S: 
(*) A O-cell x is not contained in two 2-cells which contain a pair of O-cells y and 
&vi. 
An assumption contradictory to (*) would imply that M was not a complex. 
We add two nodes u and cp(u) to S such that ZJ is joined to the circuit VU U’ by 
a 2-ball which is isomorphic to st(u, %), where those nodes of VU U’ are joined to 
u by an edge which correspond to nodes of link (u, M) joined to u in %. 
The new node cp(u) is joined to V’ U U in the analogous way. 
This new complex is of course a spherical 2-complex whose graph G’ has the 
properties (i), (ii) and (iii), where (i) and (ii) follow from [ 1, 13.21, and (iii) follows 
from (*). In [1, 13.21, Griinbaum proves that the graphs of centrally symmetric 
3-polytopes are characterized by the properties (i) and (ii) of a covering graph. 
Consequently, G’ is isomorphic to the graph of a centrally symmetric 3-polytope 
and the construction of G’ implies that f(G’) = G which completes the proof of 
our theorem. 
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